Corrigendum to “E0-dilation of strongly commuting CP0-semigroups” [J. Funct. Anal. 255 (2008) 46–89]  by Shalit, Orr Moshe
Journal of Functional Analysis 258 (2010) 1068–1069
www.elsevier.com/locate/jfa
Corrigendum
Corrigendum to “E0-dilation of strongly commuting
CP0-semigroups” [J. Funct. Anal. 255 (2008) 46–89]
Orr Moshe Shalit
Department of Mathematics, Technion, Haifa 32000, Israel
Received 2 June 2009; accepted 2 June 2009
Available online 13 June 2009
Communicated by D. Voiculescu
In the paper “E0-dilation of strongly commuting CP0-semigroups” [1], I proved the existence
of an E0-dilation to every pair of commuting CP0-semigroups, under the assumption that these
semigroups satisfy an additional assumption of strong commutativity. The proof given there con-
tains a gap. The gap, a way to fill it, and some consequences will be outlined below.
As explained in [1, Lemma 4.3], one of the equivalent ways to define strong commutativity of
CP maps is as follows:
Definition 1. Two CP maps R and S on a von Neumann algebraM are said to commute strongly
if there is an isomorphism of W∗-correspondences
v :M⊗RM⊗SM→M⊗SM⊗RM
such that v(I ⊗ I ⊗ I ) = I ⊗ I ⊗ I .
Two semigroups R = {Rt }t0 and S = {St }t0 acting onM are then said to commute strongly
if Rs and St commute strongly for each s, t  0. It turns out that this definition of strong commu-
tativity is not enough to make the proof of [1, Proposition 4.9] go through. The problem in that
proof is precisely the passage from Eq. (14) to Eq. (15). All the results in the paper that depend
Proposition 4.9 – and the main result concerning the E0-dilation of a strongly commuting pair of
CP0-semigroups (Theorem 6.6) is one of these results – are therefore not adequately established.
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then almost all of the results become valid with the proofs unchanged. The new definition of
strong commutativity that makes the proofs and most results of [1] hold is the following.
Definition 2. Two semigroups R = {Rt }t0 and S = {St }t0 acting onM are said to commute
strongly if there is a family {vs,t }s,t0 of isomorphisms vs,t :M ⊗Rs M ⊗St M→M ⊗St
M ⊗Rs M with vs,t (I ⊗ I ⊗ I ) = I ⊗ I ⊗ I , such that for all s, s′, t, t ′  0 the following
diagrams commute
M⊗Rs+s′M⊗StM
vs+s′,t−−−−→ M⊗StM⊗Rs+s′M
⏐
⏐

⏐
⏐

M⊗RsM⊗Rs′M⊗StM
(vs,t⊗I )(I⊗vs′,t )−−−−−−−−−→ M⊗StM⊗RsM⊗Rs′M
and
M⊗RsM⊗St+t ′M
vs,t+t ′−−−−→ M⊗St+t ′M⊗RsM
⏐
⏐

⏐
⏐

M⊗RsM⊗StM⊗St ′M
(I⊗vs,t ′ )(vs,t⊗I )−−−−−−−−−→ M⊗StM⊗St ′M⊗RsM
where the vertical arrows are given by a ⊗Rs+s′ b ⊗St c → a ⊗Rs I ⊗Rs′ b ⊗St c, etc.
To put it shortly, the new definition of strong commutativity requires that for all s, t  0 the
maps Rs and St strongly commute, and that this “pointwise” strong commutativity is compatible
with the semigroup structure. If Definition 2 is taken as the definition of strongly commuting
semigroups, then all the results and proofs in [1] are correct, except the following:
– The examples of strongly commuting semigroups given in the appendix are shown to satisfy
only the old definition of strong commutativity. In particular, it is not established that all
commuting CP-semigroups on Mn(C) strongly commute.
– As a consequence of the last sentence, Corollary 6.7 does not follow from Theorem 6.6, and
should therefore be erased (until somebody proves it).
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